A limiting diagram for the Segre classification of the energy-momentum tensor is obtained and discussed in connection with a Penrose specialization diagram for the Segre types. A generalization of the coordinate-free approach to limits of Paiva et al. to include non-vacuum space-times is made. Geroch's work on limits of space-times is also extended. The same argument also justifies part of the procedure for classification of a given spacetime using Cartan scalars.
Introduction
The matter content in general relativity theory is described by a second order symmetric tensor, the energy-momentum tensor. Under limiting processes, one would like to know which energy-momentum tensors might arise. A step in this study is the investigation of the limits of classes of energy-momentum tensors.
therefore, important to investigate the relations among the Segre types under limiting processes.
In 1969, Geroch [6] studied limits of space-times (see also [26] ). Among other features, he showed that the Penrose [18] specialization diagram for the Petrov classification (figure 1) is in fact a limiting diagram, in the sense that under limiting processes only space-times with the same Petrov type or one of its specializations can be reached. Recently, a coordinate-free technique for studying the limits of vacuum space-times was developed and the limits of some well known vacuum solutions were investigated [17] . In this approach the Geroch limiting diagram for the Petrov classification was extensively used. Afterwards limits of non-vacuum space-times were studied [16] and the Penrose specialization diagram for the Segre classification [19, 20, 9, 24] was used.
The main aim of this paper is to build a limiting diagram for the Segre classification. We also compare our diagram with the Penrose specialization diagram for the Segre types, obtained through a different approach in another context. Moreover this work extends Geroch's results on limits of space-times, and it also generalizes the Paiva et al. [17] coordinate-free approach to limits so as to include non-vacuum space-times.
We shall use in this work the concept of limit of a space-time introduced in reference [17] , wherein by a limit of a space-time, broadly speaking, we mean a limit of a family of space-times as some free parameters are taken to a limit. For instance, in the one-parameter family of Schwarzschild solutions each member is a Schwarzschild space-time with a specific value for the mass parameter m. By space-time we understand a real 4-dimensional differential manifold with a metric of signature (+ − −−) together with the attendant structures usually required in general relativity theory [12] .
We also note that although our main aim is to consider families of spacetimes, the same arguments about possible limits apply to the Segre type along curves within a given spacetime, and thus enable us to show that the use of these types in the classification by Cartan scalars satisfies the local constancy requirement stated by Ehlers [5] . Correspondingly, when we speak of the Segre type of a spacetime we mean the Segre type at a generic point -the limits of behaviours at special points must also be limits obtainable from the generic type.
Our major aim in the next section is to present a brief summary of Geroch's hereditary properties and discuss some basic properties of Segre classification required for section 3. In section 3 we study new hereditary properties and build a limiting diagram for the Segre classification. In section 4 we discuss our results and their applications.
Prerequisites
Geroch [6] shows that there are some properties that are inherited by all limits of a family of space-times. These properties he called hereditary. The first hereditary property devised by Geroch can be stated as follows:
Hereditary property (Geroch):
Let T be a tensor or scalar field built from the metric and its derivatives. If T is zero for all members of a family of space-times, it is zero for all limits of this family. processes ?
As far as the Petrov classification is concerned, using the above hereditary property, Geroch showed that although the Petrov type is not a hereditary property, "to be at least as specialized as type . . . " is. In other words, the Penrose specialization diagram for the Petrov classification (figure 1) was shown to be a limiting diagram. For the sake of simplicity, in the limiting diagrams in this paper, we do not draw arrows between types whenever a compound limit exists.
Thus, in figure 1 , e.g., the limits I → II → D imply that the limit I → D is allowed.
The Segre classification in general relativity arises from the eigenvalue problem is equal to zero. The fundamental theorem of algebra [2] ensures that, over the complex field, it can always be factorized as We shall now discuss the minimal polynomial, which will be important in the derivation of a limiting diagram for the Segre classification. Let P be a monic matrix polynomial of degree n in S a b , i.e.,
where δ is the identity matrix and c n are complex numbers. The polynomial P is said to be the minimal polynomial of S if it is the polynomial of lowest degree in S such that P = 0. It can be shown [28] that the minimal (monic) polynomial is unique and can be factorized as
where m i is the dimension of the Jordan submatrix of highest dimension for each eigenvalue λ i . We shall denote the minimal polynomial in a compact form
We can now find the characteristic and minimal polynomials for each Segre type. The power of the term corresponding to each eigenvalue in the characteristic polynomial is the sum of the dimensions of the Jordan submatrices with the same eigenvalue, whereas in the minimal polynomial the power is the dimension Before closing this section we notice that: (i) the explicit expressions for the minimal polynomial of a traceless real symmetric tensor defined on a Lorentzian space can be found in Bona at al. [1] and (ii) the minimal polynomial actually yields a contracted identity for S a b , which allows the setting up of a generalized algebraic Rainich condition for this tensor [7] .
Limiting Diagram for Segre Types
In this section, we shall first discuss limiting diagrams for both the characteristic and minimal polynomials, and combine them to determine a limiting diagram for the Segre classification. Afterwards, we shall discuss new hereditary properties to refine this first version of the limiting diagram for the Segre classification.
From its definition (2.2), the characteristic polynomial is built from the metric and its derivatives. Therefore the eigenvalues, i.e., the roots of the characteristic polynomial, are scalars built from the metric g and its derivatives. The minimal polynomial, in its factorized form (2.5), is a function only of the trace-free Ricci tensor and the eigenvalues, thus it is also built from the metric and its derivatives.
Since the characteristic and the minimal polynomials are, respectively, a scalar and a tensor, the hereditary property (2.1) can be applied to both.
The difference between two roots of the characteristic polynomial is also a scalar which can built with g and its derivatives. Therefore, at each degeneracy one scalar becomes zero and thus, by the hereditary property (2.1), under a limiting process, the degeneracy of the characteristic polynomial either increases or remains the same. Besides, the real and imaginary parts of complex roots are also scalars which can be built with g and its derivatives. Therefore, Segre types with real roots cannot have as a limit a Segre type with a non-real root. Further, it can be shown (see appendix A) that the limits {zz11} → {1111}, {2zz} → {211} and {2zz} → {31} are forbidden. These results are summarized in the limiting diagram for the characteristic polynomial shown in figure 2.
Let P n be the minimal polynomial (of degree n) of the trace-free Ricci tensor the Segre types which can have as limit one of these two Segre set-types can have as limit both members of the set. Finally, we examine whether the Segre types which can be a limit of one of these two set-types can be a limit of each member of the corresponding Segre set-type.
To deal with the questions we have raised in the previous paragraph we shall introduce three hereditary properties. The first one is a corollary of the property (2.1) and can be stated as follows.
Hereditary property:
Let E be a scalar field built from the metric and its derivatives. If E is nonzero and E > 0 (or E < 0) for all members of a family of space-times, then E ≥ 0 (or E ≤ 0) for all limits of this family. and A 2 , cf. [13, 4] ). We note that this invariant also appears in Seixas [27] 
Conclusion
We have built a limiting diagram for the Segre classification (figure 4) based upon hereditary properties. To achieve this goal we have extended Geroch's hereditary properties [6] . As a matter of fact, we have introduced the properties (3.1), (3.2) and (3.3), worked out limiting diagrams for the characteristic and minimal The limiting diagram for the Segre types we have studied in this article essentially coincides with the Penrose specialization diagram for the Segre classification [19, 9] . As the Penrose specialization is an inverse relation to deformation [24] , the Sánchez-Plebański-Przanowski deformation scheme can be obtained from the diagram of figure 4 simply by reversing the arrows -limiting and deformation are inverse processes in a sense.
Actually, the Penrose diagram is not quite the same as ours since it contains further subdivisions of the Segre classification. Nevertheless, if one rejoins the subdivided cases the two diagrams become identical.
The limiting diagrams of the Petrov and the Segre classification play a fundamental role in the study of limits of space-times [17, 16, 15] , as briefly discussed in
[zz11] [1, 111] [211] requirement [5] that discrete invariants should be locally constant. This amounts to saying that the possible limits along curves in a given spacetime are the same as those for one-parameter families of spacetimes. Within a given spacetime, if the Segre type at a generic point is known, more special types occur only on submanifolds of lower dimensions, as in the Petrov classification [23] . This justifies one of the steps in the spacetime classification scheme based on Cartan scalars [14] .
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Appendix A: Forbidden Limits of the Characteristic Polynomial
Our aim in this appendix is to discuss the three forbidden limits involving the characteristic polynomial with complex roots, which have been incorporated in the diagram of the left hand side in figure 2 .
be the product of the squares of the differences of the 4 roots of the characteristic polynomial. By direct substitution of real, and then complex conjugate roots, one can easily show that D is positive for {1111} and negative for {zz11}. Since D is built with the metric g and its derivatives, according to the hereditary property (3.1) the limit {zz11} → {1111} is forbidden.
Let now
be the product of the squares of the differences of the 3 distinct roots of the characteristic polynomial {211} and {2zz}. Similarly, by direct substitution of real, and then of complex conjugate roots, one shows that M is positive for {211}
and negative for {2zz}. Again, using the hereditary property (3.1) the limit {2zz} → {211} is forbidden.
To deal with the limit {2zz} → {31} consider the following six scalars (built with the metric g and its derivatives):
2 , which are the squares of the differences of each pair of roots.
For {2zz} these scalars are such that one is a negative real number, another is zero, and the remaining four are two equal complex numbers and their complex conjugates. For {31} they are three equal real positive numbers, and three zeros. Now, from hereditary properties (2.1) and (3.1) one finds that if the limit {2zz} → {31} were permitted then the scalar which is zero would have to remain zero and the scalar which is negative would have to become zero, since {31} has no negative scalars. Further, to allow that limit, one out of the 4 complex scalars would have to become zero, and the remaining three would have to become equal positive real numbers, which clearly is not possible. Therefore the limit {2zz} → {31} is forbidden.
Appendix B: Proofs of Hereditary Properties
Our aim in this appendix is to present proofs of the hereditary properties (3.2) and (3.3).
The property (3.2) can be proved as follows. Let S be the set of real spacetime directions at a point p in the space-time manifold M and let N be the subset of real null directions at p with respect to the limit metric g at p. Let R be the 
where h is a positive definite metric at p and
Then clearly f ([k]) is well defined on S and vanishes if and only if P ab = 0, which is equivalent to k being an eigenvector of R. Now S (≈ P 3 R) is compact and N, being a closed subset of S, is also compact. So if R has no null eigenvectors at p, f is nowhere zero on N. Since N is compact and connected and f continuous in the natural topologies on S and R it follows that f is bounded away from zero.
Hence there exists ε > 0 such that f > ε on N. It follows that any "sequence"
of Ricci tensors approaching R (and associated metrics approaching g) must be such that they "eventually" have no real null eigenvectors. The result now follows by contradiction.
To prove the hereditary property (3.3) it is sufficient to show that the only types forbidden as a limit by (3. (11)] have infinitely many [9] completes the proof.
